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ABSTRACT 
Three-dimensional melting problems are investigated 
numerically with Lattice Boltzmann method (LBM). Regarding 
algorithm’s accuracy and stability, Multiple-Relaxation-Time 
(MRT) models are employed to simplify the collision term in 
LBM. Temperature and velocity fields are solved with double 
distribution functions, respectively. 3-D melting problems are 
solved with double MRT models for the first time in this article.  
The key point for the numerical simulation of a melting problem 
is the methods to obtain the location of the melting front and this 
article uses interfacial tracking method. The interfacial tracking 
method combines advantages of both deforming and fixed grid 
approaches. The location of the melting front was obtained by 
calculating the energy balance at the solid-liquid interface. 
Various 3-D conduction controlled melting problems are solved 
firstly to verify the numerical method. Liquid fraction tendency 
and temperature distribution obtained from numerical methods 
agree with the analytical results well. The proposed double MRT 
model with interfacial tracking method is valid to solve 3-D 
melting problems. Different 3-D convection controlled melting 
problems are then solved with the proposed numerical method. 
Various locations of the heat surface have different melting front 
moving velocities, due to the natural convection effects. 
Rayleigh number’s effects to the 3-D melting process is 
discussed. 
INTRODUCTION 
Melting problems appear in different areas such as thermal 
energy storage, electronics cooling, and food processing. These 
problems always involve nonlinearities, strong couplings and a 
moving boundary [1]. Analytical, experimental and numerical 
methods can be used to solve melting problems. Numerical 
methods for melting problems are in consideration in this paper.  
      Bertrand et al. compared the results from different numerical 
methods [2]. The numerical methods to solve solid-liquid phase 
change problem can be divided into two groups [3]: deforming 
grid and fixed grid approaches [4]. Deforming grid approach 
uses coordinate transformation technique to transfer the solid 
and liquid phase geometries into the fixed regions. The high 
computational cost and complexity of the governing equations 
and boundary conditions are the main shortcomings of this 
method. On the other hand, the fixed grid method uses the same 
set of governing equations for both phases throughout the 
simulation. Rather than explicitly tracking the interface in the 
deforming grid approach, the interface is obtained from the 
temperature distribution in the fixed grid approach. It was 
reported that the fixed grid approach can reach the same accuracy 
as the deforming grid approach with much less computational 
time [5]. The enthalpy method [6, 7] and equivalent heat capacity 
method [8, 9] are the two major methods in the fixed grid 
approaches. The equivalent heat capacity method can only solve 
the melting problem occurring in a range of temperature; when 
this range is small, it is difficult to reach the converged result 
using this method. The enthalpy method has difficulty in 
temperature oscillation. 
      To overcome the disadvantages in equivalent heat capacity 
method and enthalpy method, Zhang and Chen [10] proposed an 
interfacial tracking method for the melting under ultrafast laser 
heating. It has advantages in good computational stability, high 
computational efficiency and applicability in melting taking 
place at a fixed temperature or in a range of temperature. Chen 
et al. and Li et al. [11, 12] applied this method to solve natural 
convection controlled melting in rectangular enclosures under 
the constant wall temperature and constant heat flux respectively. 
And these results are based on finite volume method (FVM). On 
the other hand, LBM is a promising numerical method to solve 
fluid flow and heat transfer problems. Different models exist in 
LBM to solve heat transfer problems. Li et al [13, 14] solve 
melting problems using FVM-LBM hybrid method and double 
distribution model in LBM with interfacial tracking method. All 
of the above applications of the interfacial tracking method are 
based on 2-D problems. 
      In this paper, double Multiple-Relaxation-Time (MRT) 
models [15] with interfacial tracking method is proposed to solve 
3-D melting problems. Conduction melting problems are solved 
firstly to verify the proposed method. After it, two convection 
controlled 3-D melting problems are solved to discuss the 
Rayleigh number effects to these processes. 
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NOMENCLATURE 
ei     particle speed 
 fi     density distribution 
Fi     body force 
gi     Energy distribution 
M    transform matrix for density distribution 
mi    moment function for density distribution 
N     transform matrix for density distribution 
ni     moment function for energy distribution 
Pr    Prandtl number 
Q     collision matrix for energy distribution 
Ra    Rayleigh number 
S      Interface location 
Ste   Stefan number 
Ωi    Collision term 
1. PROBLEM STATEMENT 
Physical model of melting in a cubic cavity is shown in Fig. 1.  
The cubic cavity with an edge length of H is filled with working 
fluid of PCM. The left wall (y=0) is kept at a constant 
temperature Th, which is higher than the melting temperature Tm. 
The right wall is also kept at a constant Tc that is below or equal 
to Tm. Meanwhile the top and the bottom of the enclosure are 
adiabatic. No slip conditions are applied to all the boundaries. 
The initial temperature of the system is at Tc. The following 
assumptions are made for convection controlled melting 
problem. 
1. The PCM is pure and homogeneous. 
2. The volume change due to the melting process is 
negligible 
3. The liquid PCM is Newtonian and incompressible. 
4. Boussineq approximation is applied to the liquid PCM. 
5. Natural convection in the liquid PCM is laminar. 
      Governing equations for the liquid PCM can be found in Ref. 
[16]. 
 
Fig. 1 Physical model      
2. NUMERICAL METHOD 
Many models exist in LBM to simulate fluid flow and heat 
transfer problems, and double distribution model is employed in 
this paper. Double MRT for 3-D natural convection problems are 
proposed in Ref. [16] for the first time. Fluid field and 
temperature field in liquid PCM in this paper are solved with 
D3Q19 and D3Q7 respectively.  
       Velocity, density and pressure are reached using density 
distributions in D3Q19, which are governed by Eq. (1):    
   , , ,   1, 2, ...19        i i i i if t t t f t F ir e r            (1) 
To satisfy the continuum and momentum conservations, the 
collision term in MRT is: 
   1 , , ,   1,2,...19         eqi i iM S m t m t ir r            (2) 
These 19 discrete velocities are: 
0 1 1 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0
0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1
c
                  
ie
     (3) 
      Temperature field is calculated with energy distributions, 
which are controlled by Eq. (4). 
       1, , , , ,  1,2,...7g g            eqi i i i it t t t N Q n t n t ir u r r r   (4) 
Each computational nodes have the following 7 directions: 
0 1 1 0 0 0 0
0 0 0 1 1 0 0
0 0 0 0 0 1 1
c
      
iu
                                               (5)               
      All the parameters settings in LBM are the same as Ref. [16]. 
This double MRT model is then advanced to solve 3-D melting 
problem. 
      The key to solve melting problem is how to obtain the 
interface location, and interfacial tracking method is employed 
in this paper. Its 2-D applications are discussed in Refs. [10-14]. 
This method is applied to solve a 3-D problem for the first time 
in this paper. Different from the 2-D cases, melting front moves 
at the following velocity. 
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             (6) 
Other settings are the same as that in 2-D cases in Refs. [10-14]. 
3. RESULTS AND DISCUSSION 
Various conduction and convection melting problems in 3-D are 
solved using LBM with interfacial tracking method. The 
conduction melting results are compared with analytical ones to 
verify the numerical method and convection melting problems in 
a cubic cavity are solve to discuss the 3-D characters in these 
processes. 
3.1 CONDUCTION MELTING PROBLEM 
For the case the natural convection is negligible, the melting 
front moves at a same velocity at any height. Then this problem 
can be simplified to a 1-D problem governed by conduction. 
There is an analytical solution for this problem when subcooling 
is 0 [2]. 
The cases for Stefan number equaling 0.1, 0.5 and 1 are 
solved for validation. To compare with analytical results, Fo is 
used to express the non-dimensional time. Figure 2 shows the 
liquid fraction comparison between numerical and analytical 
 3  
results and they agree with each other very well for various cases. 
The melting process carries on faster with the Ste increasing.   
 
 
Fig. 2 Liquid fraction comparison 
 
Fig. 3 Temperature distribution comparison 
Figure 3 compares the temperature distribution between 
numerical and analytical results. The case with higher Stefan 
number has shorter time to reach the same interfacial location. 
The temperature distribution is closer to a straight line with lower 
Stefan number. And it is difficult to distinguish the LBM results 
from the analytical result for all three cases. 
The numerical results agree with analytical ones well for all 
three cases. The LBM with interfacial tracking method is reliable 
for 3-D conduction controlled melting problem. Double LBM-
MRT model is valid to solve various 3-Dconvection problems 
shown in Ref. [16]. It’s reasonable to believe double LBM-MRT 
model with interfacial tracking method is valid to solve 3-D 
convection controlled melting problems. 
3.2 CONVECTION MELTING PROBLEM 
No subcooling is in consideration and three melting cases are 
solved using LBM with interfacial tracking method. The non-
dimensional parameters in these cases are listed in Table 1. 
Table 1 Two convection melting cases 
 Pr Ra Ste 
Case 1 0.02 25000 0.1 
Case 2 0.02 10000 0.1 
 
Fig. 4 Case 1 results Fo = 1.00 
For the convection melting cases, Fourier number Fo is 
employed as the nondimensional time, which is defined as: 
3 / / 3Fo t c H Ma Ra Prs                  (7) 
where cs  is the sound speed,  Mach number can be any number 
lower than 0.3, which will not affect the final results.  Figure 4 
shows case 1 results for Fo = 1.00. Temperature in liquid PCM 
grows with the height Z increasing as shown in Fig. 4 (a). It 
indicates that convection have controlled the melting process. 
Nusselt number distribution on the heat surface and melting front 
location are shown in Figs. 4 (b) and (c), which show clear three-
dimensional characters. For X=0.5, Nusselt numbers are greater 
and melting fronts also moves faster than the other regions. Non-
slip boundary conditions are applied to all the boundaries. The 
side walls (X=0 and X=1) slow the fluid flow closed to them. 
Consequently, the convection effect is decreased. Liquid fraction 
tendency is included in Fig. 4 (d). Comparing with the 2-D 
results in Refs. [12-14], this melting process is governed by 
conduction at the beginning and convection controlled this 
process later. Quasi-steady melting process is reached when the 
liquid fraction is linear to Fo. 
Figure 5 shows the case 2 results for Fo = 1.57.  These two 
cases are the same time regarding the Fo definition. Comparing 
with the case 1, only Ra  is decreased to 10000. Convection also 
has controlled this melting process and the liquid PCM 
temperature grows with the height increasing. From the heat 
surface Nusselt numbers are lower than that in case 1, which 
indicates a weaker convection effect. The melting fronts at the 
same height don’t change as much as that in case 1, which means 
the side wall effects are not that valid. Liquid fraction tendency 
is similar to that in case1 and melting process is slower than last 
case. 
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Fig. 5 Case 2 results Fo = 1.57 
4. CONCLUSION 
Double MRT model with interfacial tracking method is proposed 
to solve 3-D melting problems. Numerical results in three 
conduction melting problems agree with the analytical results 
well. The double LBM-MRT model with interfacial tracking 
method is valid to solve 3-D melting problems. Two convection 
melting problems in a cubic cavity are also solved. Convection 
effects in 3-D melting problems are discussed. With a lower 
Rayleigh number, the convection effects are weaker; side wall 
effects are smaller; melting process carries on slower. 
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